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We study electron-spin dynamics in diluted magnetic quantum wells. The electrons are coupled by exchange
interaction with randomly distributed magnetic ions polarized by magnetic field B. This coupling leads to both
spin relaxation and spin decoherence. We demonstrate that even very small spatial fluctuations of quantum well
width dramatically increase rate of decoherence. Depending on the strength of exchange interaction and the
amplitude of the fluctuations the decoherence can be homogeneous or inhomogeneous. In the homogeneous
regime, the transverse �with respect to B� component of electron spin decays on the short time scale exponen-
tially while the long-time spin dynamics obeys a power law. In the inhomogeneous case, the transverse spin
component decays exponentially with the exponent quadratic in time.
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Effective manipulation of spin degree of freedom in a
semiconductor device by external electric and magnetic
fields is one of the primary goals of spintronics.1 A possible
way to increase coupling of electron spin to external mag-
netic field is to use semiconductor-based materials, which
incorporate magnetic elements. Such materials are called di-
luted magnetic semiconductors �DMSs�. The most common
DMSs are II-VI and IV-VI compounds with magnetic impu-
rities �usually, Mn�, and also III-V crystals,2,3 such as
Ga1−xMnxAs �typically x�10%�. The DMS combines mag-
netic and semiconductor properties in a single material. This
offers a wide prospect for applications. In particular, DMSs
are considered to be the most promising candidates in creat-
ing room-temperature ferromagnetic systems, which can be
easily manipulated as semiconductors. Semiconductor het-
erostructures doped by magnetic impurities have already
demonstrated exciting physical phenomena specific for mag-
netic systems: coherent spin excitations,4,5 magnetic polaron
formation,6 ferromagnetic hole alignment,7 etc.

Many remarkable features of DMSs, such as the large
Zeeman splitting of the electronic bands and the giant Fara-
day rotation, are induced by the exchange interaction be-
tween the localized electrons on d-shells of Mn ions and
delocalized band carriers �see Ref. 8 for review�. This inter-
action is also responsible for the collective nature of spin
excitations in DMSs, arising of collective spin modes,9,10

anticrossing of the electron and ion spin precession
frequencies,9,11 spin susceptibility enhancement,12 etc.

The fluctuations of exchange field around the average
value lead to electron-spin relaxation and spin decoherence
with characteristic times T1 and T2, respectively. Recently,
the decoherence rate was measured in Cd1−xMnxTe two-
dimensional �2D� structure.13 The observed T2 was found to
be at least one order magnitude shorter than the decoherence
time predicted theoretically in Ref. 14, where fluctuations of
exchange field were linked to delta-correlated fluctuations of
magnetic ion concentration. In this Brief Report, we demon-
strate that even very small fluctuations of quantum well
width dramatically increase rate of decoherence. Our esti-
mates show that this mechanism can explain short decoher-
ence time observed in Ref. 13.

We consider a 2D degenerate electron gas located in the

�x ,y� plane. The electrons are coupled by exchange interac-
tion with magnetic ions randomly distributed with the aver-
age 2D concentration nJ, and doping profile f�z� in the
growth direction ��f�z�dz=1�. The system is placed into the
magnetic field which we assume to be parallel to the well
plane �B �ex� as it was the case in Ref. 13. The field leads to
Zeeman splitting of both electron and ion spin levels with
energies ��e and ��J, respectively. The Hamiltonian of the
system is given by

Ĥ = Ĥe + ĤJ + ĤJe, �1�

Ĥe =
p2

2m
+ U�r� + ��eŝx, �2�

ĤJ = ��J�
k

Ĵkx, �3�

ĤJe = �ŝ�
k

Ĵk��r − Rk����zk��2. �4�

Here Ĥe is the Hamiltonian of an electron in the external
magnetic field, r= �x ,y� and p= �px , py� are respectively elec-
tron in-plane position vector and momentum, U�r� is the
random impurity potential, which we assume to be short

range, ĤJ is the Hamiltonian of the ions, and ĤJe represents
the exchange interaction between spin s of an electron placed
at the lowest level in the well �with the wave function ��z��
and the spins Jk of the ions located at points �Rk ,zk�. The
strength of the interaction is characterized by constant �.

It is convenient to rewrite ĤJe as

ĤJe = 	ĤJe
 + �ĤJe, �5�

where the angular brackets mean the thermal averaging and

averaging over ion positions, and �ĤJe describes fluctuations

of exchange field. The term 	ĤJe
 leads to significant renor-
malization of the electron-spin precession frequency

PHYSICAL REVIEW B 80, 193205 �2009�

1098-0121/2009/80�19�/193205�4� ©2009 The American Physical Society193205-1

http://dx.doi.org/10.1103/PhysRevB.80.193205


� = �e +
�	Jx
nJ

�
� f�z����z��2dz . �6�

Typically, ���e,
11,13 which means that the electron-spin

precession frequency is mostly determined by the effective
magnetic field, created by polarized ions.

The fluctuations of the exchange field arising due to ran-
dom distribution of �Rk ,zk� lead both to electron-spin relax-
ation and to decoherence. The analysis of these processes
shows14 that in 2D case the longitudinal and transverse �with
respect to B� components of the electron spin decay expo-
nentially with the characteristic times T1��T2�
�2a2�3 /3�2mnJ. Comparing the results of Ref. 14 with the
recent experimental data,13 one can see that experimentally
observed decoherence time T2 is much shorter �by about an
order of magnitude� than T2�, which implies that delta-
correlated density fluctuations cannot provide sufficient fluc-
tuations of the exchange field.

Below we demonstrate that spatial fluctuations of quan-
tum well width can �at certain conditions� lead to signifi-
cantly shorter T2. Physically, this happens because such fluc-
tuations induce the long-range fluctuations of the effective
magnetic field acting on the electron spin.

First, we notice that the effective magnetic field induced
by exchange interaction depends on the doping profile f�z�
and quantum well geometry �see Eq. �6��. Expressions for T1�
and T2� were derived14 for the case of homogeneous distribu-
tion of magnetic ions and infinitely deep quantum well, hav-
ing constant width a0. Let us now assume, for example, that
the quantum well is infinitely deep and magnetic ions con-
centrate close to the center of the well �these assumptions
more or less correspond to the experimental situation13�. As-
suming also that well width slightly fluctuates, a�r�=a0
+�a�r� we find that spin precession frequency becomes r
dependent,

� → ��r� = �e +
2�	Jx
nJ

�a�r�
= �0 + ���r� , �7�

where �0=�e+2�	Jx
nJ /�a0, ���r�
−2�	Jx
nJ�a�r� /�a0
2.

We assume the fluctuations to be Gaussian with a spatial
scale d,

	���r����r��
 = 2��
2	� �r − r��

d
� . �8�

Here ��
2=2�2	Jx
2nJ

2	�a2�r�
 /�2a0
4 is the amplitude of the

fluctuations and 	�
� is a dimensionless function �	�0�=1,
	�
�→0, for 
�1�. As seen from Eq. �8�, 	���r����r��

�	Jx
2, so that at low magnetic fields the fluctuations vanish
and decoherence is due to the mechanism proposed in Ref.
14. However, at relatively strong fields corresponding to al-
most full polarization of ions �this was the case in the
experiment13� the fluctuations are sufficiently large and
dominate the decoherence.

We will consider time evolution of the spin excitations
concentrated near Fermi surface. The total transverse spin
�per unit area� can be written as S+�t�=Sy + iSz=ei�0tS�t�,
where S�t�=�s+�r ,� , t�d�d2r /� is slowly decaying ampli-
tude, s+�r ,� , t�=sy�r ,� , t�+ isz�r ,� , t� is the spin density, �

is the velocity angle, and � is the sample area. In the quasi-
classical approximation the spin-density dynamics is given
by kinetic equation15,16

�s+

�t
+ vFn

�s+

�r
− i���r�s+ = St�s+� , �9�

where vF is the Fermi velocity, n=ex cos �+ey sin �, and
St�s+� is the collision integral describing the elastic scattering
on the impurity potential U�r� with the mean-free path l. The
quasiclassical approach based on Eq. �9� is valid provided
that d�� /mvF and ���r�
mvF

2 . Below we will solve this
equation with the initial condition s+�r ,� ,0�=1.

The spin decoherence can be homogeneous or inhomoge-
neous depending on the parameter ���, where � is a charac-
teristic time required for electron to travel the distance of the
order of d. For d
 l, this time is given by �=d /vF, while for
d� l, �=d2 /4D�d2 / lvF, where D=vFl /2 is the diffusion
coefficient.

For ����1, electron spins in different correlation regions
rotate independently with local frequencies. Hence, the de-
coherence is inhomogeneous and the transverse spin decays
as

S�t� 
 	ei���r�t
 = e−��
2t2. �10�

In the opposite case, ���
1, electron is visiting many
correlated regions during decoherence time and the decoher-
ence is homogeneous. First, we assume d
 l. If the inequal-
ity T2vF
 l is also satisfied, the electron motion on the time
scale on the order of T2 is ballistic. Neglecting the collision
integral in Eq. �9�, we obtain

S�t� = 	ei�0
t ���vFn��d�
 = e−��

2�0
t �0

t 	�vF��1−�2�/d�d�1d�2. �11�

For t�d /vF, Eq. �11� becomes

S�t� = e−t/T2,
1

T2
=

2��
2d

vF
�

0

�

	�
�d
 . �12�

It turns out that Eq. �12� is also valid for T2vF� l. To see this,
one can iterate Eq. �9� with respect to small �� and decouple
correlations, which yields 1 /T2=�dr��dt�	���r�G�r−r� , t
− t�����r��
. Here G�r , t� is the Green’s function of Eq. �9�
with ���r�=0 �Green’s function of the Boltzmann equation�
integrated over initial velocity directions and averaged over
final velocity directions. This function can be presented as a
sum over processes with different number of collisions:
G�r , t�= 	��r−vFnt�
�exp�−tvF / l�+�N=1

� GN�r , t�, where the
first term is the ballistic contribution, which gives Eq. �12�.
Relative contribution of other terms to 1 /T2 �compared to
Eq. �12�� may be shown to be on the order of parameter
�d / l�ln�1 /����
1.17

For d� l and ���=��d2 /4D
1, the decoherence is also
homogeneous. In this case the electron motion on a scale d is
diffusive and one can by standard means reduce Eq. �9� to
diffusion equation:
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�s+

�t
− D�s+ − i���r�s+ = 0. �13�

Iterating Eq. �13� with respect to �� and decoupling corre-
lations, we obtain

�s+

�t
− D�s+ +� dr�dt��r−r�,t−t�s+�r�,t�� = 0, �14�

where

�r−r�,t−t� = 2��
2	� �r − r��

d
�GD�r − r�,t − t�� ,

and ĜD= �� /�t−D��−1 is the Green function of the diffusion
equation. Solving Eq. �14� with the initial condition
s+�r ,� ,0�=1, we find

S�t� = �
−�

� d�

2�

e−i�t

− i� + 2��
2d2�0

� 	̃�qd�
Dq2 − i�

qdq

2�

, �15�

where 	̃ is the Fourier transform of 	. The integrand in Eq.
�15� has two poles and a branch cut along the negative
imaginary axis. The poles are at the points �1,2

�2	̃�0���

2� /�����−2i ln�1 /�����, where �=d2 /4D, 	̃�0�
=2��0

�
	�
�d
.
The imaginary parts of the poles are large compared to the

real ones, so that the poles contribution is approximately
given by

S�t� 
 exp�−
4	̃�0���

2�t

�
ln� 1

���
�� . �16�

This contribution dominates at short times, ��
2�t
1. For

��
2�t�1, the main contribution is due to branch cut, yielding

S�t� 
 −
�

2	̃�0�
1

��
2�t ln2�t/��

. �17�

The contribution of the branch cut is negative. From Eqs.
�16� and �17� we see that the amplitude S�t� changes sign as
shown in Fig. 1. We also see that a long-lived power-law tail
appears in the transverse spin polarization.

Above we assumed that B is parallel to the well plane and
neglected the effect of the field on the orbital motion. The
results are also valid for B �ez provided that Rc� l �Rc is the
cyclotron radius�. Our calculations can be easily generalized
for the opposite case, Rc
 l. In particular, in the homoge-
neous ballistic regime, under the assumptions ���
1, d

Rc
 l , Rc
T2vF
 l, the transverse spin can be calculated
in analogy with Eq. �11� by averaging of decoherence action
calculated along ballistic trajectory. The result looks18

S�t� = e−t2/T2
2
,

1

T2
2 =

��
2d

�Rc
�

0

�

	�
�d
 . �18�

From equations derived above one can see that increasing
correlation radius d decreases T2 both for d
 l and for d
� l. The maximal value of 1 /T2 is on the order of ��. One
can show that ��T2��1 for typical values of parameters,13

which implies that suggested mechanism dominates already
at small d �d�d0, see Fig. 2� and might be responsible for
short values of decoherence time observed in the
experiment.13 The parameter d0 is estimated as follows: d0

�kFa2 /nJ�a0
2, for l�d and d0��kFa2l /nJ�a0

2, for l
d re-
gime. Taking �a0=�	�a2�r�
 on the order of the lattice con-
stant, for typical values of experimental parameters13 we find
that d0
10 nm.

We thank M. Glazov for useful discussion. The work was
supported by RFBR, by grant of Russian Scientific School,
by the Grant of Rosnauka �Project No. 02.740.11.5072� and
by programmes of the RAS. V.Yu.K. was supported by Dy-
nasty foundation.

1

0

FIG. 1. Decay of the transverse spin amplitude in the diffusive
case.

*

FIG. 2. Decoherence rate as a function of the correlation radius
of the fluctuations. For d�d0 mechanism related to fluctuations of
the well width dominates.
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